
Online Appendix to
“Household Income Inequality and Optimal Trend

Inflation"

1 Tractable HANK (THANK) model

In this section, we present the full set of equilibrium conditions of the model.

1.1 Households

The household joint welfare maximization problem reads

U(BS
t−1, B

H
t−1) = max

CS
t ,CH

t ,ZS
t ,ZH

t

(1− λ)
(CS

t )
1−σ − 1

1− σ
+ λ

(CH
t )1−σ − 1

1− σ
− χ

N1+φ
t

1 + φ
+ βEt

[
U(BS

t , B
H
t )
]

subject to the flows of bonds and budget constraints:

CS
t + ZS

t + TGS
t = θSt ((1− ν)WtNt +Dt) +

Rt−1qt−1

Πt

BS
t−1 + T S

t − TQS
t

CH
t + ZH

t + TGH
t = θHt ((1− ν)WtNt +Dt) +

Rt−1qt−1

Πt

BH
t−1 + T H

t − TQH
t

BS
t = sZS

t + (1− s)ZH
t

BH
t = (1− h)ZS

t + hZH
t

ZS
t , Z

H
t ≥ 0

The first-order conditions of the above dynamic optimization problem are:

ΛS
t = (1− λ)(CS

t )
−σ

ΛH
t = λ(CH

t )−σ

ΛS
t = βsEt

[
∂Ut+1

∂BS
t

]
+ β(1− h)Et

[
∂Ut+1

∂BH
t

]
+ΘS

t

ΛH
t = β(1− s)Et

[
∂Ut+1

∂BS
t

]
+ βhEt

[
∂Ut+1

∂BH
t

]
+ΘH

t

ΘS
t ≥ 0, ZS

t ≥ 0, ΘS
t Z

S
t = 0

ΘH
t ≥ 0, ZH

t ≥ 0, ΘH
t Z

H
t = 0,

1



where ΛS
t , ΛH

t , ΘS
t , and ΘH

t are Lagrangian multipliers associated with budget constraints
and borrowing constraints for each type. Additionally, the envelope conditions yields
∂Ut

∂BS
t−1

= ΛS
t
Rt−1qt−1

Πt
, ∂Ut

∂BH
t−1

= ΛH
t

Rt−1qt−1

Πt
. Combining both first-order optimality and enve-

lope conditions with the stationary type distribution assumption, we obtain:

(CS
t )

−σ = βEt

[
Rtqt
Πt+1

(
s(CS

t+1)
−σ + (1− s)(CH

t+1)
−σ
)]

+
ΘS

t

1− λ

(CH
t )−σ = βEt

[
Rtqt
Πt+1

(
(1− h)(CS

t+1)
−σ + h(CH

t+1)
−σ
)]

+
ΘH

t

λ

ΘS
t ≥ 0, ZS

t ≥ 0, ΘS
t Z

S
t = 0

ΘH
t ≥ 0, ZH

t ≥ 0, ΘH
t Z

H
t = 0.

Since we focus on the zero liquidity equilibrium where ΘS
t = 0,ΘH

t > 0, household con-
sumption saving behavior is characterized by the savers’ consumption Euler equation
and hand-to-mouth spenders’ budget constraint:

(CS
t )

−σ = βEt

[
Rtqt
Πt+1

(
s(CS

t+1)
−σ + (1− s)(CH

t+1)
−σ
)]

CH
t + TGH

t = θHt ((1− ν)WtNt +Dt) + T H
t = θHt Yt + T H

t .

Finally, the optimality condition with respect to labor is:

WtC
−σ
t = χNφ

t . (1)

1.2 Firms

1.2.1 Final Goods Producers

The final goods producers use intermediate goods as inputs and produce final goods
according to CES technology:

Yt =

(∫
Yt(i)

εp−1

εp di

) εp
εp−1

.

They sell the final products to households in a competitive market. The profit maximiza-
tion of final goods producers yields a general relative demand function of intermediate
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good i and the aggregate price index.

Yt(i) =

(
Pt(i)

Pt

)−εp

Yt

Pt =

(∫
Pt(i)

1−εpdi

) 1
1−εp

.

1.2.2 Intermediate Goods Producers

Firstly, the cost-minimization problem of intermediate goods firms reads:

min
Nt(i)

(1− ν)WtNt(i)

s.t

Yt(i) = AtNt(i),

where ν is a labor cost subsidy that eliminates steady state distortion arising from monop-
olistic competition. The first-order condition yields an expression for the real marginal
cost:

MCt =
(1− ν)Wt

At

.

Secondly, the profit maximization problem of the intermediate goods firms is:

max
Pt(i)

Et

[
∞∑
k=0

(θpβ)
k

(
Ct+k

Ct

)−σ (
Pt(i)

Pt+k

Yt+k(i)−MCt+kYt+k(i)

)]
.

The optimality condition for reset price yields:

X1,t = (Ct)
−σMCtYt + θpβEt

[
Π

εp
t+1X1,t+1

]
X2,t = (Ct)

−σYt + θpβEt

[
Π

εp−1
t+1 X2,t+1

]
Π∗

t =
εp

εp − 1

X1,t

X2,t

ut,

where ut is the cost-push shock.
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1.3 Government

The central bank sets the gross policy rate Rt following the Taylor rule subject to a ZLB
constraint:

R∗
t = (R∗

t−1)
ϕr

((
Πt

Π

)ϕπ
(
Yt

Y

)ϕy
)1−ϕr

Rt =

R∗
t if R∗

t ≥ 1

1 if R∗
t < 1,

where R∗
t is the shadow rate. ϕr governs the interest rate smoothing, while ϕπ and ϕy mea-

sure the sensitivity of the policy rates with respect to deviations of inflation and output
from their respective steady state. The fiscal authority undertakes government spending
following a feedback rule that responds to deviations of output from its steady state:

Gt = G

(
Yt

Y

)γG
y

T H
t = T H + γT

Y (Yt − Y ) ,

where γG
Y and γT

Y govern the cyclicality of government spending and transfers, respec-
tively. The financing scheme for government spending and targeted transfers is deter-
mined by the following rules:

Gt = (1− λ)TGS
t + λTGH

t

TGS
t = TGS +

1− α

1− λ
(Gt −G)

(1− λ)T S
t + λT H

t = 0.

Government spending is financed through lump-sum taxes levied on both Savers and
HtMs. These taxes consist of two components: a constant steady-state component that
funds steady-state government spending, and a cyclical component that adjusts with de-
viations of government spending from its steady-state level. The parameter α governs
the allocation of the cyclical tax burden between the two household groups. When α = 0,
Savers bear the entire tax burden associated with cyclical government spending. In con-
trast, α = λ implies an equal tax burden across Savers and HtMs. Additionally, the tar-
geted transfer policy requires Savers to finance the full amount of transfers to HtMs.
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1.4 Full Set of Equilibrium Conditions

WtC
−σ
t = χNφ

t (2)

(CS
t )

−σ = βEt

[
Rtqt
Πt+1

(
s(CS

t+1)
−σ + (1− s)(CH

t+1)
−σ
)]

(3)

CH
t + TGH

t = θHt Yt + T H
t (4)

θHt = θH
(
Yt

Y

)γH
Y

(5)

(1− λ)θSt + λθHt = 1 (6)

(1− ν)Wt = AtMCt (7)

X1,t = (CS
t )

−σMCtYt + θpβEt

[
Π

εp
t+1X1,t+1

]
(8)

X2,t = (CS
t )

−σYt + θpβEt

[
Π

εp−1
t+1 X2,t+1

]
(9)

Π∗
t =

εp
εp − 1

X1,t

X2,t

ut (10)

1 = (1− θp)(Π
∗
t )

1−εp + θpΠ
εp−1
t (11)

vpt = (1− θp)(Π
∗
t )

−εp + θpΠ
εp
t vpt−1 (12)

Yt =
AtNt

vpt
(13)

(1− λ)CS
t + λCH

t +Gt = Yt (14)

R∗
t = (R∗

t−1)
ϕ1
r

(
R∗

ss

(
Πt

Π

)ϕπ
(
Yt

Y

)ϕy
)1−ϕ1

r

(15)

Rt = max {1, R∗
t} (16)

Gt = G

(
Yt

Y

)γG
y

(17)

TGS
t = TGS +

1− α

1− λ
(Gt −G) (18)

Gt = (1− λ)TGS
t + λTGH

t (19)
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T H
t = T H + γT

Y (Yt − Y ) (20)

(1− λ)T S
t + λT H

t = 0 (21)

log(At) = ρa log(At−1) + σaεa,t (22)

log(ut) = ρu log(ut−1) + σuεu,t (23)

log(qt) = ρq log(qt−1) + σqεq,t, (24)

where vpt =
∫ 1

0

(
Pt(i)
Pt

)−εp
di is the measure of price dispersion. Equations (1) to (5) char-

acterize household consumption-saving and labor-supply behavior. Equations (6) to (9)
constitute the optimality conditions of intermediate goods firms. Equations (10) and (12)
come from the definition of the aggregate price index and the aggregation of intermedi-
ate goods, respectively. Equation (11) and (13) describes the dynamics of price dispersion
and the goods market clearing condition. Equations (14) to (20) define the monetary and
fiscal policy rules. Finally, equations (21) to (23) specify exogenous TFP, cost-push, and
risk premium shock processes.

2 Second-Order Approximation of Household Welfare

In this section, we describe how to approximate the per-period welfare of households,
assuming the log-utility function for consumption. The hatted variables in this appendix
denote the log deviation from steady state (i.e. x̂t = log(Xt) − log(X)). Instantaneous
household welfare for type j ∈ {S,H} is

U j
t ≡ (Cj

t )
1−σ − 1

1− σ
− χ

N1+φ
t

1 + φ
.

Firstly, we will explain the method of approximating the price dispersion. Starting from
the relationship between reset price inflation and inflation, we get the second-order ap-
proximation of inflation dynamics.

1 = (1− θp)(Π
∗
t )

1−εp + θp(Πt)
εp−1

→ π̂∗
t =

θp

1− θp

(
π̂t +

1

2
(εp − 1)π̂2

t

)
+

1

2
(εp − 1)π̂∗2

t , (25)
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where θp = θpΠ
εp−1. Up to first order, (25) becomes π̂∗

t = θp
1−θp

π̂t. Substituting out π̂∗2
t in

(25), we obtain the second-order expression for reset price inflation:

π̂∗
t =

θp

1− θp
π̂t +

1

2
(εp − 1)

θp

(1− θp)2
π̂2
t .

Next, we use the price dispersion dynamics:

vpt = (1− θp)(Π
∗
t )

−εp + θpΠ
εp
t vpt−1.

The second-order approximation of the price dispersion dynamics is:

v̂pt +
1

2
(v̂pt )

2 = (1− θpΠ)

(
−εpπ̂

∗
t +

1

2
ε2p(π̂

∗
t )

2

)
+ θpΠ

(
εpπ̂t + v̂pt−1 +

1

2
ε2pπ̂

2
t +

1

2
(v̂pt−1)

2 + εpπ̂tv̂
p
t−1

)
.

(26)

Up to first order, (26) is:

v̂pt =
εpθp(Π− 1)

1− θp
π̂t + θpΠv̂

p
t−1.

By replacing the reset price inflation and squared price dispersion term with their first-
order expression, (26) can be rewritten as:

v̂pt = −1

2

(
εpθp(Π− 1)

1− θp
π̂t + θpΠv̂

p
t−1

)2

+ (1− θpΠ)

(
−εp

(
θp

1− θp
π̂t +

1

2
(εp − 1)

θp

(1− θp)2
π̂t

2

)
+

1

2
ε2p

(
θp

1− θp

)2

π̂2
t

)

+ θpΠ

(
εpπ̂t + v̂pt−1 +

1

2
ε2pπ̂

2
t +

1

2
(v̂pt−1)

2 + εpπ̂tv̂
p
t−1

)
.

With some mechanical algebra and collecting like terms, we obtain:

v̂pt =
εpθp(Π− 1)

1− θp
π̂t + θpΠv̂

p
t−1 +

1

2

εpθp(εpΠ− εp + 1)(1− θpΠ)

(1− θp)2
π̂2
t

+
εp(1− θpΠ)

1− θp
π̂tv̂

p
t−1 +

1

2
θpΠ(1− θpΠ)(v̂

p
t−1)

2.

As in Alves (2014), we assume that the price dispersion v̂pt is a second-order term, and,
hence, will regard any terms taking the form of v̂pt x̂t as higher than the second order.
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Under this assumption, the second-order expression of price dispersion becomes:

v̂pt = θpΠv̂
p
t−1 +

εpθp(Π− 1)

1− θp
π̂t +

1

2

εpθp(εpΠ− εp + 1)(1− θpΠ)

(1− θp)2
π̂2
t .

Taking the unconditional expectation, we have:

E(v̂pt ) =
εpθp(Π− 1)

(1− θp)(1− θpΠ)
E(π̂t) +

1

2

εpθp(εpΠ− εp + 1)

(1− θp)2
E(π̂2

t ). (27)

Next, the budget constraints of each household type are as follows:

CS
t + TGS

t = θSt Yt + T S
t (28)

CH
t + TGH

t = θHt Yt + T H
t (29)

Substituting out the lump-sum tax TGS
t , transfers T S

t , and income share θSt , the Savers’
budget constraint can be rewritten as:

CS
t + TGS +

1− α

1− λ

(
G

(
Yt

Y

)γG
Y

−G

)
=

1− λθH
(
Yt

Y

)γH
Y

1− λ
Yt −

λ
(
T H + γT

Y (Yt − Y )
)

1− λ
. (30)

Taking a second-order approximation, we have:

CS

Y

(
ĉSt +

1

2
(ĉSt )

2

)
+

1− α

1− λ
sg

(
γG
Y ŷt +

1

2
(γG

Y )
2ŷ2t

)
=

1

1− λ

(
ŷt +

1

2
ŷ2t

)
− λθH

1− λ

(
(1 + γH

Y )ŷt +
1

2
(1 + γH

Y )2ŷ2t

)
− λγT

Y

1− λ

(
ŷt +

1

2
ŷ2t

)

→ CS

Y

(
ĉSt +

1

2
(ĉSt )

2

)
=

(
1− λθH(1 + γH

Y )

1− λ
− λγT

Y

1− λ
− 1− α

1− λ
sgγ

G
Y

)
ŷt

+
1

2

(
1− λθH(1 + γH

Y )2

1− λ
− λγT

Y

1− λ
− 1− α

1− λ
sg(γ

G
Y )

2

)
ŷ2t . (31)

Up to first order, Saver’s budget constraint can be written as:

ĉSt =

(
CS

Y

)−1(
1− λθH(1 + γH

Y )

1− λ
− λγT

Y

1− λ
− 1− α

1− λ
sgγ

G
Y

)
ŷt. (32)
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Substituting out (cSt )2 in (31) using (32) yields:

ĉSt =

(
CS

Y

)−1(
1− λθH(1 + γH

Y )

1− λ
− λγT

Y

1− λ
− 1− α

1− λ
sgγ

G
Y

)
ŷt

+
1

2

(
CS

Y

)−1(
1− λθH(1 + γH

Y )2

1− λ
− λγT

Y

1− λ
− 1− α

1− λ
sg(γ

G
Y )

2

−
(
CS

Y

)−1 (
1− λθH(1 + γH

Y )

1− λ
− λγT

Y

1− λ
− 1− α

1− λ
sgγ

G
Y

)2
)
ŷ2t

= θcSyŷt + θcSy2ŷ
2
t . (33)

Substituting out the lump-sum tax TGH
t , transfers T H

t , and income share θHt , the HtMs’
budget constraint can be rewritten as:

CH
t +

α

λ
G

(
Yt

Y

)γG
Y

− 1− λ

λ
TGS +

1− α

λ
G = θH

(
Yt

Y

)γH
Y

Yt + T H + γT
Y (Yt − Y ). (34)

By taking a similar approach to derive (33), the second-order approximation of (34) is:

ĉHt =

(
CH

Y

)−1 (
θH(1 + γH

Y ) + γT
Y − α

λ
sgγ

G
Y

)
ŷt

+
1

2

(
CH

Y

)−1 (
θH(1 + γH

Y )2 + γT
Y − α

λ
sg(γ

G
Y )

2

−
(
CH

Y

)−1 (
θH(1 + γH

Y ) + γT
Y − α

λ
sgγ

G
Y

)2)
ŷ2t

= θcHyŷt + θcHy2ŷ
2
t . (35)

Finally, per-period welfare of household type j ∈ {S,H} can be approximated as:

U j
t ≡ (Cj

t )
1−σ − 1

1− σ
− χ

N1+φ
t

1 + φ

≈ (Cj)1−σ − 1

1− σ
− χ

N1+φ

1 + φ

+ (Cj)1−σ

(
ĉjt +

1

2
(1− σ)(ĉjt)

2

)
− χ(Y vp)1+φ

(
ŷt + v̂pt − ât +

1

2
(1 + φ)ŷ2t +

1

2
(1 + φ)â2t − (1 + φ)ŷtât

)
.
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Substituting out ĉjt using (33) and (35),

U j
t ≈ (Cj

t )
1−σ − 1

1− σ
− χ

N1+ϕ

1 + ϕ

+
(
(Cj)1−σθcjy − χ(Y vp)1+φ

)
ŷt

+ χ(Y vp)1+φât

+

(
(Cj)1−σ

(
θcjy2 +

1

2
(1− σ)θ2cjy

)
− 1

2
(1 + φ)χ(Y vp)1+φ

)
ŷ2t

+ χ(Y vp)1+φ(1 + φ)ŷtât

− χ(Y vp)1+φ1

2
(1 + φ)â2t

− χ(Y vp)1+φv̂pt .

Taking the unconditional expectations and substituting out the price dispersion using
(27), we write the expected utility of type j:

EU j ≈ (Cj)1−σ − 1

1− σ
− χ

N1+ϕ

1 + ϕ
− χ(Y vp)1+φ1

2
(1 + φ)

σ2
a

1− ρ2a

− χ(Y vp)1+φ εpθp(Π− 1)

(1− θp)(1− θpΠ)
E(π̂t)

+
(
(Cj)1−σθcjy − χ(Y vp)1+φ

)
E(ŷt)

− χ(Y vp)1+φ1

2

εpθp(εp(Π− 1) + 1)

(1− θp)2
E(π̂2

t )

+

(
(Cj)1−σ

(
θcjy2 +

1

2
(1− σ)θ2cjy

)
− 1

2
(1 + φ)χ(Y vp)1+φ

)
E(ŷ2t )

− χ(Y vp)1+φ(1 + φ)E(ŷtât).
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Under the assumption of TGj = sgY
j and T H = 0, we obtain:

EUS ≈ (CS)1−σ − 1

1− σ
− χ

N1+ϕ

1 + ϕ
− χ(Y vp)1+φ 1

2
(1 + φ)

σ2
a

1− ρ2a

− χ(Y vp)1+φ εpθp(Π− 1)

(1− θp)(1− θpΠ)
E(π̂t)

+

(
Y 1−σ

(
(1− sg)µy

(1− λ)µy + λ

)−σ (1− λθH(1 + γHY )

1− λ
−

λγTY
1− λ

− 1− α

1− λ
sgγ

G
Y

)
− χ(Y vp)1+ϕ

)
E(ŷt)

− χ(Y vp)1+φ 1

2

εpθp(εp(Π− 1) + 1)

(1− θp)2
E(π̂2

t )

+

(
1

2
Y 1−σ

(
(1− sg)µy

(1− λ)µy + λ

)−σ (1− λθH(1 + γHY )2

1− λ
−

λγTY
1− λ

− 1− α

1− λ
sg(γ

G
Y )

2

)

− σ

2
Y 1−σ

(
(1− sg)µy

(1− λ)µy + λ

)−(1+σ)(1− λθH(1 + γHY )

1− λ
−

λγTY
1− λ

− 1− α

1− λ
sgγ

G
Y

)2

− χ(Y vp)1+ϕ 1

2
(1 + φ)

)
E(ŷ2t )

− χ(Y vp)1+φ(1 + φ)E(ŷtât)

EUH ≈ (CH)1−σ − 1

1− σ
− χ

N1+ϕ

1 + ϕ
− χ(Y vp)1+φ 1

2
(1 + φ)

σ2
a

1− ρ2a

− χ(Y vp)1+φ εpθp(Π− 1)

(1− θp)(1− θpΠ)
E(π̂t)

+

(
Y 1−σ

(
(1− sg)µy

(1− λ)µy + λ

)−σ (1− λθH(1 + γHY )

1− λ
−

λγTY
1− λ

− 1− α

1− λ
sgγ

G
Y

)
− χ(Y vp)1+ϕ

)
E(ŷt)

− χ(Y vp)1+φ 1

2

εpθp(εp(Π− 1) + 1)

(1− θp)2
E(π̂2

t )

+

(
1

2
Y 1−σ

(
(1− sg)

(1− λ)µy + λ

)−σ (
θH(1 + γHY )2 + γTY − α

λ
sg(γ

G
Y )

2
)

− σ

2
Y 1−σ

(
(1− sg)

(1− λ)µy + λ

)−(1+σ) (
θH(1 + γHY ) + γTY − α

λ
sgγ

G
Y

)2
− χ(Y vp)1+ϕ 1

2
(1 + φ)

)
E(ŷ2t )

− χ(Y vp)1+φ(1 + φ)E(ŷtât)

The unconditional value under steady-state inflation Π for each type is given as follows.

11



When there is no type switching (s = 1),

EV S(Π = Π) =
EUS(Π = Π)

1− β

EV H(Π = Π) =
EUH(Π = Π)

1− β
.

When type switching occurs, the unconditional value for each household is determined
by solving:

EV S(Π = Π) = EUS(Π = Π) + sβEV S(Π = Π) + (1− s)βEV H(Π = Π)

EV H(Π = Π) = EUH(Π = Π) + (1− h)βEV S(Π = Π) + hβEV H(Π = Π),

where λ = 1−s
2−s−h

.

3 Welfare Cost of Trend Inflation

This section outlines the procedure for computing the consumption-equivalent variation
that equates the unconditional value between two scenarios: (1) THANK in which the
inflation target is set at the THANK optimal level ΠTHANK,opt and (2) THANK in which
the inflation target is set at the RANK optimal level ΠRANK,opt. The unconditional value
under ΠTHANK,opt is computed as follows.[

1− βs −β(1− s)

−β(1− h) 1− βh

][
EV S(ΠTHANK,opt | γH

Y , µY , s)

EV H(ΠTHANK,opt | γH
Y , µY , s)

]
=

[
EUS(ΠTHANK,opt | γH

Y , µY , s)

EUH(ΠTHANK,opt | γH
Y , µY , s)

]
.

The unconditional value under ΠRANK,opt with compensating consumption variation (λS

or λH) is computed as follows.[
1− βs −β(1− s)

−β(1− h) 1− βh

][
EV S(ΠRANK,opt | γH

Y , µY , s)

EV H(ΠRANK,opt | γH
Y , µY , s)

]

=

[
(1 + λS)1−σ

1

]
⊙

E ( (CS
t )1−σ

1−σ | ΠRANK,opt, γH
Y , µY , s

)
E
(

(CH
t )1−σ

1−σ | ΠRANK,opt, γH
Y , µY , s

)−

 1
1−σ + E

(
N1+ϕ

t

1+ϕ | ΠRANK,opt, γH
Y , µY , s

)
1

1−σ + E
(

N1+ϕ
t

1+ϕ | ΠRANK,opt, γH
Y , µY , s

)
[

1− βs −β(1− s)

−β(1− h) 1− βh

][
EV S(Π = ΠRANK,opt | γH

Y , µY , s)

EV H(Π = ΠRANK,opt | γH
Y , µY , s)

]

=

[
1

(1 + λH)1−σ

]
⊙

E ( (CS
t )1−σ

1−σ | ΠRANK,opt, γH
Y , µY , s

)
E
(

(CH
t )1−σ

1−σ | ΠRANK,opt, γH
Y , µY , s

)−

 1
1−σ + E

(
N1+ϕ

t

1+ϕ | ΠRANK,opt, γH
Y , µY , s

)
1

1−σ + E
(

N1+ϕ
t

1+ϕ | ΠRANK,opt, γH
Y , µY , s

) .
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We compute λj such that EV j(ΠTHANK,opt | γH
Y , µY , s) = EV j(ΠRANK,opt | γH

Y , µY , s). λj

denotes the proportional change in consumption required for households of type j to
attain the same level of welfare in a THANK economy with the RANK-optimal trend
inflation rate as in one with the THANK-optimal trend inflation rate.
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